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Abstract
The present work applies the binomial expansion theorems to evaluate the generalized complete and incomplete gamma functions
arising in the wave scattering and diffraction theory. A simple and efﬁcient algorithm for the calculation of these functions is
developed. Some numerical results are presented for signiﬁcant mapping examples and they are brieﬂy discussed. The formulas
obtained are numerically stable for all values of parameters occurring in generalized complete and incomplete gamma functions.
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1. Introduction
The generalized gamma functions are widely used in the solution ofmany problems of wave scattering and diffraction
theory [11,12]. To date, a few various methods have been developed for the analysis of the generalized gamma functions
[1,10–14]. Some fundamental properties of these functionswere investigated in [11]. In this paper, a new approach to the
computation of the generalized complete and incomplete gamma functions are proposed, which considerably improved
its capabilities during numerical evaluations in signiﬁcant cases. Using binomial expansion theorem the generalized
gamma and incomplete gamma functions are expressed through the familiar gamma and exponential integral functions
whose analytical procedures can be found in our recently published papers [5,6].
2. Deﬁnitions and recurrence relations for generalized gamma functions
The generalized complete and incomplete gamma functions examined in this work are deﬁned in [11]
(, c) =
∫ ∞
0
t−1e−t
(t + c) dt , (1a)
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(, x, c) =
∫ x
0
t−1e−t
(t + c) dt , (2a)
(, x, c) =
∫ ∞
x
t−1 e−t
(t + c) dt , (3a)
where = n + ε1 (n = 1, 2, . . . , 0ε < 1), = m + 0 (m = 1, 2, . . . ,−10) and c > 0. These functions
are related to each other by
(, c) = (, x, c) + (, x, c). (4a)
The familiar (), (, x) and (, x) functions deﬁned in [2]
() =
∫ ∞
0
t−1e−t dt , (1b)
(, x) =
∫ x
0
t−1e−t dt , (2b)
(, x) =
∫ ∞
0
t−1e−t dt , (3b)
() = (, x) + (, x), (4b)
are the special cases of generalized gamma functions for  = 0. These functions, Eqs. (1b)–(4b), have already been
investigated by numerous authors with different algorithms (see, e.g., Ref. [9] and references therein). In our paper
[5], for direct calculation of the complete and incomplete gamma functions (), (, x) and (, x), the upward and
downward recursion, and analytical relations were derived. These relations are used in the evaluation of generalized
gamma functions deﬁned by Eqs. (1a)–(3a).
The generalized gamma functions satisfy the following recursive relations:
(, c) = 1
( − 1)c−1 −
1
 − 1−1(, c) +
 − 1
 − 1−1( − 1, c), (5)
(, x, c) =
1
( − 1)c−1 −
x−1e−x
( − 1)(x + c)−1 −
1
 − 1−1(, x, c) +
 − 1
 − 1−1( − 1, x, c), (6)
(, x, c) = x
−1e−x
( − 1)(x + c)−1 −
1
 − 1−1(, x, c) +
 − 1
 − 1−1( − 1, x, c), (7)
where
1 =
{1 if  = 1
0 if  = 1 .
These formulae can easily be established fromEqs. (1a)–(3a) integration by parts using u=t−1et and dv=(t+c)− dt .
3. Binomial series expansion relations
In order to express the integrals (1a)–(3a) in terms of complete and incomplete gamma functions we shall use the
following well known binomial expansion theorem (see [4,3,8,7]):
(x ± y)n =
∞∑
m=0
(±1)mFm(n)xn−mym, (8)
I.I. Guseinov, B.A. Mamedov / Journal of Computational and Applied Mathematics 202 (2007) 435–439 437
where F0(n) = 1 and
Fm(n) =
⎧⎪⎨
⎪⎩
n(n − 1) . . . (n − m + 1)
m! for integer n,
(−1)m(m − n)
m!(−n) for noninteger n.
(9a,b)
We notice that for m< 0 the binomial coefﬁcient Fm(n) in Eq. (8) is zero and the positive integer n terms with negative
factorials do not contribute to the summation. For fast calculations for the positive integer values of n, the binomial
coefﬁcients are stored in the memory of the computer. For the binomial coefﬁcients we use the following recurrence
relation:
Fm(n) = Fm(n − 1) + Fm−1(n − 1). (10)
In order to put these coefﬁcients into or to get them back from the memory, the positions of certain coefﬁcients Fm(n)
are determined by relation:
F(n,m) = n(n + 1)/2 + m + 1. (11)
Taking into account Eq. (8) we obtain for the function (t + c)− occurring in Eqs. (1a)–(3a) the following series
expansion relations:
1
(t + c) =
∞∑
i=0
Fi(−)
{
c−−i t i for 0 tc,
ci t−−i for c t∞. (12a,b)
4. Series expansion relations for generalized gamma functions
Now we move on to the determination of expressions for the generalized complete and incomplete gamma functions
in terms of binomial coefﬁcients, and gamma functions, Eqs. (1b)–(3b), for the calculation of which one can use the
upward and downward recursion and analytical relations given in [5]. Then, taking into account Eqs. (12a) and (12b)
in (1a), (2a) and (3a) we obtain, for the generalized gamma functions, the following simply structured formulas:
(, c) =
∞∑
i=0
Fi(−)
{
c−−i( + i, c) + ci
[
(| −  + i|, c) for  −  + i < 0
c−(−+i)E−+i+1 for  −  + i0
]}
, (13a,b)
(, x, c) =
⎧⎪⎪⎨
⎪⎪⎩
∞∑
i=0
Fi(−)c−−i( + i, x) for xc,
(, c) −
∞∑
i=0
Fi(−)ci( −  − i, x) for xc,
(14a,b)
(, x, c) =
⎧⎪⎪⎨
⎪⎪⎩
(, c) −
∞∑
i=0
Fi(−)c−−i( + i, x) for xc,
∞∑
i=0
Fi(−)ci( −  − i, x) for xc,
(15a,b)
where
E(c) =
∫ ∞
1
t−e−ct dt , (16)
are the exponential integral functions.We note that the choice of reliable formulas for evaluation of exponential integral
functions is the prime importance in the accurate calculations. Several new procedures for evaluating the exponential
integral functions can be found in our above-mentioned papers [5,6].
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Table 1
The values of generalized complete gamma functions (, c)
  c Eqs. (13a) and (13b) Eqs. (3.3a) and (3.3b) in [11] mu N
1 0.5 17.5 9.8607567642E−02 9.8607567503E−02 40
1 0.5 15.7 1.0959814953E−01 1.0959814801E−01 40
1 0.5 27.3 6.3795959589E−02 6.3795959588E−02 40
1 0.5 43.1 4.0662851711E−02 4.0662851711E−02 40
1 0.5 64.4 2.7313684472E−02 2.7313684472E−02 40
1 1.5 10.6 5.3340936897E−02 5.3340465585E−02 40
1 1.5 23.4 3.5671851232E−02 3.5671851221E−02 40
1 1.5 34.5 2.4644526855E−02 2.4644526855E−02 40
1 1.5 45.6 1.8828095001E−02 1.8828095001E−02 40
1 1.5 66.7 1.2998606279E−02 1.2998606279E−02 40
2 1.5 24.6 1.3088559333E−03 10 40
2.1 5.5 48.1 1.2308468262E−02 13 40
4.2 3.5 28.1 1.7293933448E−06 9 40
7.4 4.1 42.8 3.0845780865E−12 16 40
10 13 84.2 6.8312199771E−02 18 40
5.4 1.8 38.4 2.0597885524E−09 17 40
8.5 7.1 63.8 1.7035537881E−13 20 40
Table 2
The values of generalized incomplete gamma function (, x, c)
  x c Eqs. (14a) and (14b) mu N
28 1.4 6.8 17.6 2.37038415509702E−04 16 26
5 6.1 10.6 21.7 9.37119157174384E−06 17 43
76 9.6 17.2 32.1 8.48726254391749E−08 16 52
107 13.9 21.7 38.5 2.55728524644864E−09 16 68
137 24.9 20.7 48.5 9.89181766973192E−03 12 78
47 2.9 2.9 44.2 2.54467640639312E−08 16 17
37 1.9 27.3 16.2 2.24189194624044E−05 10 28
53 2.4 17.3 8.5 4.28465690786138E−03 10 39
95 12.2 10.3 15.5 1.93298388143692E−06 15 120
127 16.5 15.3 25.5 2.16090215792583E−08 16 104
5. Numerical calculations and discussion
In this work we have established the recurrence relations and series expansion formulas for generalized gamma
functions in terms of gamma and exponential integral functions. It has been shown that the use of a simple numerical
computation tool for modeling and simulation can be very beneﬁcial in the wave scattering and diffraction theory. On
the basis of formulas obtained in this paper we constructed a program for computation of generalized complete and
incomplete gamma functions on a Pentium III 800 MHz (using Turbo Pascal language). Using upward and downward
recurrence relations one can determine the accuracy of computer results obtained from the series expansion formulas.
The examples of computer calculation for the generalized complete and incomplete gamma functions are shown in
Tables 1–3. The numbers of terms taken into account in series expansion formulas N and correct decimal ﬁgures mu
for upward recurrences determined from fu = 10−mu are given in these tables, where f = |f L − f R|. Here, the
values f L and f R are obtained from the left-hand side (LHS) and the right-hand side (RHS) of Eqs. (5)–(7) for the
recurrence relations. As will be clear from our tests that for c > 15, the formulas obtained yield signiﬁcant accuracy
for arbitrary values of integral parameters.
It should be noted that the computer results for the generalized complete and incomplete gamma functions are not
available in the literature. Therefore, we have constructed a program for computation of some formulas developed by
other methods. Table 1 contains values of generalized complete gamma functions (, c) obtained using Eqs. (3.3a)
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Table 3
The values of generalized incomplete gamma function (, x, c)
  x c Eqs. (15a) and (15b) mu N
3 5.1 6 26.3 2.13465255083947E−04 10 25
36 2.5 8.5 32.6 8.42810914937265E−09 15 20
83 6.2 8.5 43.2 1.33062593944135E−13 17 15
7 8.6 12.8 64.3 7.94119421607782E−11 18 20
87 10.8 5.1 36.4 2.6144310002499E−06 12 17
3 3.8 15.1 6.7 5.58205221134251E−08 16 30
43 6.6 25.5 8.6 1.78472807148908E−10 18 22
74 9.6 20.5 4.8 1.12089933379580E−08 16 30
86 14.1 18.2 6.3 6.83409084831805E−04 14 45
128 21.4 31.8 10.6 1.50565875665169E−04 14 53
and (3.3b) of in [11]. As can be seen from this table, our numerical results are in complete agreement with those
obtained using the analytic expression (3.3a) developed by Kobayashi.
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